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HODGE SYMMETRY AND DECOMPOSITION ON NON-KA¨HLER
SOLVMANIFOLDS
HISASHI KASUYA
Abstract. Let G = Cn⋉φC
m with a semi-simple action φ : Cn → GLm(C) (not necessarily
holomorphic). Suppose G has a lattice Γ. Then we show that in some conditions on G
and Γ, G/Γ admits a Hermitian metric such that the space of harmonic forms satisfies the
Hodge symmetry and decomposition. By this result we give many examples of non-Ka¨hler
Hermitian solvmanifolds satisfying the Hodge symmetry and decomposition.
1. Introduction
LetM be a compact complex manifold with a Hermitian metric g. We consider the complex-
valued de Rham complex (A∗(M), d), the Dolbeault complex (A∗,∗(M), ∂¯), the space H∗d(M, g)
of complex-valued d-harmonic forms and the space H∗,∗
∂¯
(M, g) of complex-valued ∂¯-harmonic
forms. For the de Rham cohomology H∗(M) and Dolbeault cohomology H∗,∗(M), we have
isomorphisms H∗(M) ∼= H∗d(M, g) and H∗,∗(M) ∼= H∗,∗∂¯ (M, g) of linear spaces. If g is a Ka¨hler
metric, then we have
Hp,q
∂¯
(M, g) = Hq,p
∂¯
(M, g)
and ⊕
p+q=r
Hp,q
∂¯
(M, g) = Hrd(M, g).
These conditions are called the Hodge symmetry and decomposition. The Hodge symmetry and
decomposition implies the ddc-lemma (i.e. the equation Im(d) ∩ Ker(dc) = Im(dc) ∩ Ker(d) =
Im(ddc) holds for the operator dc =
√−1(∂ − ∂¯) ) see [1, (5.21)]. The ddc-lemma is very
important. It is applied to algebraic topology. A compact complex manifold satisfying the
ddc-lemma is formal in the sense of Sullivan see [1].
We are interested in finding non-Ka¨hler compact Hermitian manifolds satisfying the Hodge
symmetry and decomposition. This problem is not easy. Consider nilmanifolds (i.e. compact
quotients of simply connected nilpotent Lie groups by lattices). There are many non-Ka¨hler
complex nilmanifolds. But non-toral Hermitian nilmanifolds do not satisfy the Hodge symmetry
and decomposition, since non-toral nilmanifolds are not formal in the sense of Sullivan see [2].
In this paper we consider solvmanifolds (i.e. compact quotients of simply connected nilpotent
Lie groups by lattices). There are non-Ka¨hler solvmanifolds which are formal in the sense of
Sullivan. In [6], we showed that a solvmanifold G/Γ such that G = Rn ⋉φ R
m with a semi-
simple action φ is formal in the sense of Sullivan (see also [5]). In this paper we consider a Lie
group G as in the following assumption.
Assumption 1.1. • G = Cn ⋉φ Cm with a semi-simple action φ : Cn → GLm(C) (not
necessarily holomorphic). Then we have a coordinate z1, . . . , zn, w1, . . . , wm of C
n
⋉φ C
m such
that
φ(z1, . . . , zn)(w1, . . . , wm) = (α1w1, . . . , αmwm)
where αi are C
∞-characters of Cn.
• G has a lattice Γ. Then a lattice Γ of G = Cn ⋉φ Cm is the form Γ′ ⋉φ Γ′′ such that Γ′ and
Γ′′ are lattices of Cn and Cm respectively and the action φ of Γ′ preserves Γ′′.
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Under some condition, we show that a complex solvmanifold G/Γ admits a Hermitian metric
satisfying the Hodge symmetry and decomposition. By this result we give many examples of
non-Ka¨hler Hermitian solvmanifolds satisfying the Hodge symmetry and decomposition.
2. Dolbeault cohomology of solvmanifolds
In this section we review the result in [4]. Let G be a Lie group as in the following assumption.
Assumption 2.1. G is the semi-direct product Cn⋉φN with a left-invariant complex structure
J = JC ⊕ JN so that:
(1) N is a simply connected nilpotent Lie group with a left-invariant complex structure JN .
Let a and n be the Lie algebras of Cn and N respectively.
(2) For any t ∈ Cn, φ(t) is a holomorphic automorphism of (N, JN ).
(3) φ induces a semi-simple action on the Lie algebra n of N .
(4) G has a lattice Γ. (Then Γ can be written by Γ = Γ′ ⋉φ Γ′′ such that Γ′ and Γ′′ are lattices
of Cn and N respectively and for any t ∈ Γ′ the action φ(t) preserves Γ′′.)
(5) The inclusion
∧∗,∗
n
∗
C
⊂ A∗,∗(N/Γ′′) induces an isomorphism
H∗,∗
∂¯
(n) ∼= H∗,∗
∂¯
(N/Γ′′)
where
∧∗,∗
n
∗
C
is the differential bigraded algebra of the complex valued left-invariant differential
forms on the nilmanifold N/Γ′′.
Consider the decomposition n⊗C = n1,0⊕n0,1 associated with JN . By the condition (2), this
decomposition is a direct sum of Cn-modules. By the condition (3) we have a basis Y1, . . . , Ym
of n1,0 such that the action φ on n1,0 is represented by φ(t) = diag(α1(t), . . . , αm(t)). Since Yj
is a left-invariant vector field on N , the vector field αjYj on C
n ⋉φ N is left-invariant. Hence
we have a basis X1, . . . , Xn, α1Y1, . . . , αmYm of g1,0. Let x1, . . . , xn, α
−1
1 y1, . . . , α
−1
m ym be the
basis of g∗1,0 which is dual to X1, . . . , Xn, α1Y1, . . . , αmYm. Then we have
p,q∧
g
∗
C =
p∧
〈x1, . . . , xn, α−11 y1, . . . , α−1m ym〉 ⊗
q∧
〈x¯1, . . . , x¯n, α¯−11 y¯1, . . . , α¯−1m y¯m〉.
Lemma 2.2. ([4, Lemma 2.2]) Let α : Cn → C∗ be a C∞-character of Cn. There exists a
unique unitary character β such that αβ−1 is holomorphic.
By this lemma, take the unique unitary characters βi and γi on C
n such that αiβ
−1
i and
α¯γ−1i are holomorphic.
Theorem 2.3. ([4, Corollary 4.2]) Let B∗,∗Γ ⊂ A∗,∗(G/Γ) be the differential bigraded subalgebra
of A∗,∗(G/Γ) given by
Bp,qΓ =
〈
xI ∧ α−1J βJyJ ∧ x¯K ∧ α¯−1L γLy¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
(βJγL)|Γ = 1
〉
.
Then the inclusion B∗,∗Γ ⊂ A∗,∗(G/Γ) induces a cohomology isomorphism
H∗,∗
∂¯
(B∗,∗Γ ) ∼= H∗,∗∂¯ (G/Γ).
3. Main results
Let G be a Lie group as in Assumption 1.1. This assumption is a special case of Assumption
2.1 such that (N, J) is a complex abelian Lie group. We have
p,q∧
g
∗ =
p∧
〈dz1, . . . , dzn, α−11 dw1, . . . , α−1m dwm〉
⊗ q∧
〈d¯z1, . . . , d¯zn, α¯−11 d¯w1, . . . , α¯−1m d¯wm〉.
By Lemma 2.2, take the unique unitary characters βi and γi on C
n such that αiβ
−1
i and α¯γ
−1
i
are holomorphic. Consider the differential bigraded subalgebra B∗,∗Γ of the Dolbeault complex
(A∗,∗(G/Γ), ∂¯) given by
Bp,qΓ =
〈
dzI ∧ α−1J βJdwJ ∧ dz¯K ∧ α¯−1L γLdw¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
(βJγL)|Γ = 1
〉
.
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Then by Theorem 2.3, the incluison B∗,∗Γ ⊂ A∗,∗(G/Γ) induces a cohomology isomorphism.
We prove:
Proposition 3.1. Let G be a Lie group as in Assumption 1.1. Consider the left-invariant
Hermittian metric g =
∑
dzidz¯i+
∑
α−1i α¯
−1
i dwidw¯i. Then the space H∗,∗∂¯ (G/Γ)is equal to the
space B∗,∗Γ .
Proof. Let
∗¯gAp,q(G/Γ)→ An+m−p,n+m−q(G/Γ)
be the C-anti-linear Hodge star operator of g on A∗,∗(G/Γ). Then we have ∗¯g(Bp,q) ⊂ Bp,q
(see [4]). For each multi-indices J, L ⊂ {1, . . . ,m}, α−1J βJ and α¯−1L γL are holomorphic. Hence
we have ∂¯Bp,qΓ = 0 Since the inclusion B
∗,∗ ⊂ A∗,∗(G/Γ) induces a cohomology isomorphism,
we have
B∗,∗ = H∗,∗
∂¯
(G/Γ, g).

Since B∗,∗ is closed under the wedge product, we have:
Corollary 3.2. Let G be a Lie group as in Assumption 1.1. Consider the left-invariant Her-
mittian metric g =
∑
dzidz¯i+
∑
α−1i α¯
−1
i dwidw¯i. Then the space H∗,∗∂¯ (G/Γ) of complex-valued
∂¯-harmonic forms is closed under the wedge product.
Remark 1. If a compact oriented manifoldM admits a Riemaniann metric such that all products
of harmonic forms are again harmonic, we call M geometrically formal. Kotschick’s nice work
in [8] stimulates us to consider geometrical formality. In [7], we show that a solvmanifold G/Γ
such that G = Rn ⋉φ R
m with a semisimple action φ is geometrically formal. Hence Corollary
3.2 is a complex analogue of such result.
We consider the following conditions:
Condition 3.3. For each multi-indices J, L ⊂ {1, . . . ,m}, (βJγL)|Γ = 1 if and only if αJ α¯L =
1 where 1 is the trivial character.
In this condition, we have
Bp,q =
〈
dzI ∧ α−1J βJdwJ ∧ dz¯K ∧ α¯−1L γLdw¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
αJ α¯L = 1
〉
=
〈
dzI ∧ dwJ ∧ dz¯K ∧ dw¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
αJ α¯L = 1
〉
.
Hence we have
Bp,q =
〈
dz¯I ∧ dw¯J ∧ dzK ∧ dwL
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
αJ α¯L = 1
〉
=
〈
dzK ∧ dwL ∧ dz¯I ∧ dw¯J
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
α¯JαL = 1
〉
= Bq,p.
We prove:
Theorem 3.4. Let G be a Lie group as in Assumption 1.1. We also suppose Condition 3.3.
Consider the left-invariant Hermittian metric g =
∑
dzidz¯i+
∑
α−1i α¯
−1
i dwidw¯i. Then we have
Hp,q
∂¯
(G/Γ, g) = Hq,p
∂¯
(G/Γ, g)
and ⊕
p+q=r
Hp,q
∂¯
(G/Γ, g) = Hrd(G/Γ, g).
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Proof. By Bp,q = Bq,p and Proposition 3.1 we have
Hp,q
∂¯
(G/Γ, g) = Hq,p
∂¯
(G/Γ, g).
By
Bp,q =
〈
dzI ∧ dwJ ∧ dz¯K ∧ dw¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
(αJ α¯L)|Γ = 1
〉
,
all the elements of B∗,∗ are also d-harmonic. Thus by Proposition 3.1 we have⊕
p+q=r
Hp,q
∂¯
(G/Γ, g) =
⊕
p+q=r
Bp,q ⊂ Hrd(G/Γ, g).
This implies that the Fro¨licher spectral sequence degenerates at E1. Hence we have⊕
p+q=r
Hp,q
∂¯
(G/Γ, g) =
⊕
p+q=r
Bp,q = Hrd(G/Γ, g).
Hence the theorem follows.

4. Examples
In [3], Hasegawa showed that a simply connected solvable Lie group G with a lattice Γ such
that G/Γ admits a Ka¨hler structure can be written as G = R2k ⋉φ C
l such that
φ(tj)((z1, . . . , zl)) = (e
√−1θj
1
tjz1, . . . , e
√−1θj
l
tjzl),
where each e
√−1θj
i is a root of unity. Hence for G = Cn ⋉φ C
m with a semi-simple action
φ : Cn → GLm(C), a compact solvmanifold G/Γ admits no Ka¨hler metric if φ has a non-
unitary eigencharacter. In particular if G is completely solvable, then a compact solvmanifold
G/Γ admits no Ka¨hler metric. Hence solvmanifolds G/Γ such that G are completely solvable
Lie groups as in Assumption 1.1 and Condition 3.3 are non-Ka¨hler Hermittian solvmanifolds
satisfying the Hodge symmetry and decomposition. We give such examples.
Example 1. Let G = C ⋉φ C
2m such that
φ(x +
√−1y)(w1, w2 . . . , w2m−1, w2m) = (ea1xw1, e−a1xw2, . . . , eamxw2m−1, e−amxw2m)
for integers ai 6= 0. We have β2i−1 = e−aipi
√−1y, β2i = eaipi
√−1y. We can write G = R× (R⋉φ
C2m). G has a lattice Γ = tZ×∆ where ∆ is a lattice in R⋉φC2m for t > 0. Then Bp,q varies for
the choice t > 0. Consider the case t 6= r
s
pi for any r, s ∈ Z. Then (βJβL)|Γ 6= 1 for any multi-
indices J, L such that αJαL 6= 1. Hence Condition 3.3 hold. Thus the complex solvamanifold
G/Γ with a Hermitian metric g =
∑
dz1dz¯1+
∑
(e−2aixdw2i−1dw¯2i−1+e2aixdw2idw¯2i) satisfies
the Hodge symmetry and decomposition but G/Γ does not admits a Ka¨hler metric.
Example 2. Let H = Rn ⋉ψ R
n+1 such that
ψ(x1, . . . , xn)(y1, . . . , yn, yn+1) = (e
x1y1, . . . e
xnyn, e
−x1−···−xnyn+1).
Then a lattice of H is constructed by a totally real algebraic number field (see [9]). Consider
G = Cn ⋉φ C
n+1 such that
φ(z1, . . . , zn)(w1, . . . , wn, wn+1) = (e
x1w1, . . . e
xnwn, e
−x1−···−xnwn+1)
for complex coordinate (z1 = x1 +
√−1y1, . . . , z1 = xn+
√−1yn, w1, . . . , wn+1). Since we have
G = Rn× (Rn⋉ψ⊕ψ R2n+2), the Lie group G admits a lattice Γ = (c1Z× · · · × cnZ)×∆ where
∆ is a lattice of Rn⋉ψ⊕ψ R2n+2. In this case for a coordinate (z1 = x1+
√−1y1, . . . , z1 = xn+√−1yn, w1, . . . , wn+1) of Cn, we have βi = e−
√−1y for 1 ≤ i ≤ n and βn+1 = e
√−1(y1+···+yn).
Hence if c1, . . . , cn are not rational numbers, then Condition 3.3 hold. Thus the complex
solvamanifold G/Γ with a Hermitian metric
g = dz1dz¯1 + · · ·+ dzndz¯n + e−2x1dw1dw¯1 + · · ·+ e−2xndwndw¯n + e2x1+···+2xndwn+1dw¯n+1
satisfies the Hodge symmetry and decomposition but G/Γ does not admits a Ka¨hler metric.
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